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Combining the three cases above gives us the following “master theorem”.
Theorem 1 The recurrence
T(n) = aT(n/b)
N = &
where a, b, ¢, and k are all constants, solves to:
T(n) € O(n*) ifla < b*
T(n) € O(n*logn) ifa=b*
T(n) € O(n'®?) ifa > b*
_~ P TN - - — S

THEOREM 2 MASTERTHEOREM Let f be anincreasing function thg¥satisfies the recurrence relation

) = af(n/b\_)?ét‘/

whenever n = b¥, where k is a positive integer, @ > 1, b is an integer greater than 1, and ¢
and d are real numbers with ¢ positive and d nonnegative. Then
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QuickSELECT(A[1..n], k):
ifn=1
return A[1]
else
Choose a pivot element A[p]
r < PARTITION(A[1..n],p)

ifk<r

return QUICKSELECT(A[1..r —1],k)
elseif k> r

return QUICKSELECT(A[r + 1..n],k—r)
else

return A[r]

Figure 1.12. Quickselect, or one-armed quicksort
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MQMSELECT(A[l ..nl,k): lL/‘V‘ \/& L)C\

ifn<25 ((or whatever))’j / Cg\"l L

use brute force

else
e fnfs) D
fori — Ttom N
[i] « MEDIANOFFIVE(A[5i —4..5i]) ((Brute force!))‘_>
MomSeLECT(M[1..m],|m/2)) ((Recursion!))
r « PARTITION(A[1..n],mom)
ifk<r

return MOMSELECT(A[1..r —1],k) ((Recursion))
elseif k > r

return MOMSELECT(A[r + 1..n],k—r) ((Recursion!))
else

return mom




MoMSELECT(A[1..n], k):
ifn <25 ((or whatever))

use brute force
else

N m o [n/5]

’ for\=xfom
O V\/ M[i] « MeDIANOFFIVE(A[5i —4..5i]) ((Brute forcel))

oMSELECT(M[1..m],|m/2]) ((Recursion! )
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SeLitMuLTIPLY(X, Y, n):

ifn=1
return x - y
else
{m —[n/2]
a < |x/10™]; b < x mod 10™ ((r =10Ma + b))
ce—|y/10™]; d«—yﬂ)ﬂ&’" y =10"c+d))

—~ e « SpirtMurtipry(a, c,m) =—— Q.
_. f < SpritMuLtipLY(b,d, m) g
- g SPLITMULTIP‘)&_‘b -
— he SPLITMULTIPm)4 é

return 10*me +10™(g + h) + f
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Y
else
. me«[n/2]
T~ |x/10m]; X = a+
¢« |y/10™]; d « y mod 10™ {(y =10"c+d))
e « FastMurripLy(a, c,m)
« FastMurtipLy(b,d . m) _
g «— FASTMULTI ) oo —
return 10*"e + 10™e+f — g) + f
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Figure 2.3. The complete recursion tree of Gauss and Laquiére’s algorithm for the 4 queens problem.
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PLACEQUEENS(Q[1..n],r):
ifr=n+1
print Q[1..n]
else
forje—1ton
legal <~ TRUE
forie—1ltor—1
if (Q[i]=j)or(Q[i]l=j+r—1or(Qli]=j—r+i)

legal < FALSE

if legal
Qr]«j
PLACEQUEENS(Q[1..n],r + 1) ((Recursion!))

Figure 2.2. Gauss and Laquiéere’s backtracking algorithm for the n queens problem.
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Example: Odds and Evens

Consider the simple game called odds and evens. Suppose that player 1 takes evens and player 2 takes odds. Then, each
player simultaneously shows either one finger or two fingers. If the number of fingers matches, then the result is even, and
player 1 wins the bet ($2). If the number of fingers does not match, then the result is odd, and player 2 wins the bet ($2). Eacl

player has two possible strategies: show one finger or show two fingers. The payoff matrix shown below represents the payol
to player 1.

Payoff Matrix
Player 2
Strategy
1 2
1 2 2
Player 1
2 -2 2
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if T=0
\ff’@ return TRUE
'\O elseif T<O0orX =9
return FALSE
else
x « any element of X
with « SUBSETSUM(X \ {x},T —x) ((Recurse!))
wout « SUBSETSUM(X \ {x}, T) ((Recursel))
return (with V wout)

\ W . ((Does any subset of X sum to T ?))
SBO T\ - SuBseTSumM(X, T):

((Does any subset of X[1..1] sum to T?))
SuBsETSUM(X,i,T):

'L =10
return TRUE - -

elseif T<0ori=0
return FALSE

else
with « SuBseTSuM(X,i—1,T —X[i]) {((Recurse!))
wout < SUBSETSUM(X,i—1,T) ((Recursel!))
return (with V wout)
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